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•  John	Rice	(father	of	mathema<cal	so=ware	
concept,	1969):	

		
“solving	systems	of	nonlinear	equa<ons	is	perhaps	
the	most	difficult	problem	in	all	of	numerical	
computa<ons”	

Introduc:on	



•  In	general,	nonlinear	equa:on	systems	must	be	solved	
itera:vely		
–  Some	trivial	cases	allow	for	closed-form	solu:ons	

•  Newton-Raphson	itera:ve	algorithm	is	the	reference	
method	in	the	general	case	(since	the	XVII	century):	
–  First-order	local	approxima:ons	successively	performed	
– Quadra:c	convergence	rate	near	the	solu:on	
–  Same	divergence	rate	outside	the	basins	of	aWrac:on		
–  Exploita:on	of	Jacobian	sparsity	for	large	systems:	key	for	its	
terrific	success	in	power	systems	applica:ons		
	

Tinney	et.	al.	late	in	the	60’s:	sparse	LU		factoriza:on	
of	Jacobian		

Introduc:on	
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•  Many	improvements	so	far	to	vanilla	NR:	
– Quasi-Newton	methods:	approximate	(constant)	Jacobian	
–  Inexact	Newton	methods:	approximate	computa:on	of	
Newton’s	step	(precondi:oners)	

– Higher-order	methods:	super-quadra:c	convergence	(more	
costly)	

– Globally	convergent	Newton	methods:	line	search,	
con:nua:on/homotopy,	trust	region	

– Others:	polynomial	approxima:on	(Chebyshev’s),	solu:on	of	
differen:al	equa:ons	(Davidenko’s),	etc.	

Introduc:on	
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•  Key	idea:		
	
“Look	for	a	global	nonlinear	transforma:on	that	creates	an	
algebraically	equivalent	system	on	which	Newton’s	method	does	
beWer	because	the	new	system	is	more	linear”.		

	
So	far,	“no	general	way	to	apply	this	idea	has	been	found;	its	
applica:on	is	problem-specific”.	
	
[Judd	K.L.,	“Numerical	methods	in	economics”,	MIT	Press,	New	York,	
1998,	pp.	174-176]	
	

•  Factored	approach:	first	systema:c	aWempt	to	achieve	
this	goal	on	a	broad	range	of	nonlinear	systems	of	
prac:cal	interest	

	

Mo:va:on	
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•  The	customary	ultra-compact	expression:	
															h(x)=p				(p	is	given,	x	to	be	found)	

hides	the	typical	structure	of	h(.):	sums	of	nonlinear	
expressions	of	different	complexity	
		

•  Large-scale	nonlinear	systems	are	always	sparse:		
– Number	of	addi:ve	terms	in	a	set	of	n	nonlinear	eqs.	in	n	
variables	is	roughly	O(n),	not	O(n2)	

–  Some	of	those	linear/nonlinear	terms	may	appear	several	
:mes:		

														Let	m>n	be	the	number	of	dis:nct	terms	

Mo:va:on	
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•  Let	y	be	an	auxiliary	vector	composed	of	the	m	dis:nct	
addi:ve	terms	in	h(.),	each	with	trivial	inverse.	Then,	the	
following	factored	form	arises:	

Factored	solu:on	approach	

Under-determined	linear	system	

Over-determined	linear	system	

m	one-to-one	mappings	with	
explicit	inverse:	
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•  Conven:onal	NR	(for	comparison):	

•  Two-step	factored											
					procedure:	

Factored	solu:on	approach	

Step	0:						Ini:aliza:on			x0 à	y0 

Step	1: 

Step	2: 

<	ε 
NO	

YES	END	
Factored	Jacobian:	
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•  Conven:onal	NR:	

		ComputaGonal	issues:	

Factored	solu:on	approach	

Step	0:						Ini:aliza:on			x0 à	y0 

Step	1: 

Step	2: 

<	ε 
NO	

YES	END	

Least-distance	problem:	
Cholesky	factors		
computed	only	once	
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•  Conven:onal	NR:	

		ComputaGonal	issues:	
	

Factored	solu:on	approach	

Step	0:						Ini:aliza:on			x0 à	y0 

Step	1: 

Step	2: 

<	ε 
NO	

YES	END	

Trivial	one-to-one		
nonlinear	mapping	f()		
with	diagonal	Jacobian	
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•  Conven:onal	NR:	

		ComputaGonal	issues:	
	

Factored	solu:on	approach	

Step	0:						Ini:aliza:on			x0 à	y0 

Step	1: 

Step	2: 

<	ε 
NO	

YES	END	

Least-squares	problem:	
Factored	Jacobian		
simpler	to	compute	
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•  Conven:onal	NR:	

		ComputaGonal	issues:	
	

Factored	solu:on	approach	

Step	0:						Ini:aliza:on			x0 à	y0 

Step	1: 

Step	2: 

<	ε 
NO	

YES	END	

Linear	mismatch	vector		
used	in	next	iteraGon	
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1.	Sums	of	single-variable	nonlinear	elementary	funcGons:	

Canonical	forms	

Example:	
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Canonical	forms	
2.	Sums	of	products	of	single-variable	power	funcGons:	

Preliminary	logarithmic	change	of	variables:	

© Gómez-Expósito	



Canonical	forms	
Example:	
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Canonical	forms	
Remark:				If	m=n,	then	there	is	no	need	to	iterate	
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p1 = x1x2 + x1
2

p2 = 2x1x2 − 4x1
2
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⎥
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Unlike	in	Newton’s	method,	itera:ons	arise	because		m>n	



Canonical	forms	
3.	Conversion	to	canonical	forms:	system	augmentaGon	
Add	variables/equa:ons	as	needed	

Example:	

New	variable	introduced:	

The	equivalent	“canonical”	system	becomes:	
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Extending	the	range	of	reachable	solu:ons	

MulGplicity	of	soluGons:	Which	solu:on	is	itera:vely	reached?		

•  Newton	Raphson:	depends	on	the	basin	of	aWrac:on	in	which	the		
ini:al	guess	x0	lies		

•  Factored	method:	can	be	controlled	by	selec:ng	the	computed	range	
for	each	individual	nonlinear	func:on	

					Examples:	
⇒   ℜ(u)> 0

⇒   ℜ(u)< 0

Periodic	func:ons	

⇒

⇒
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Extending	the	range	of	reachable	solu:ons	

Example:	2x2	P.	Boggs’	system	

Only	three	solu:ons:	

Newton	Raphson’s	basins	of	aYracGon:	unpredictable	irregular	behavior		

White	areas:	divergence	

A	

B	

C	

A																						B																																	C	
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Extending	the	range	of	reachable	solu:ons	

Example:	2x2	P.	Boggs’	system	

For	any	x0 !!	
	
With	the	basic	defini:ons	converges	to	A	
	
With																												converges	to	B	
	
	
With																																																				converges	to	C	
	
	
	
With																																																				yields	complex	solu:on	

Factored	method:	new	variables	

A	

B	

C	
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Infeasibility	and	complex	solu:ons	

•  Feasible	case:	p	is	such	that	there	exists	at	least	a	real	x	sa:sfying	
h(x)=p		

•  Infeasible	case:	only	complex	values	of	x	sa:sfy	h(x)=p	

Empirical	evidence:	
•  Newton’s	method	cannot	generally	converge	to	complex	solu:ons	

•  The	factored	method	is	flexible	enough	to	converge	to	complex	solu:ons	
whenever	real	solu:ons	cannot	be	found	

•  Choosing	an	iniGal	guess	with	a	certain	imaginary	component	is	helpful	to	
achieve	convergence	to	complex	solu:ons	

•  Quadra:c	convergence	rate	also	to	complex	solu:ons	
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Infeasibility	and	complex	solu:ons	

Example:	 Canonical	form:	
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			Factored	Load	Flow	Solu:on	

Factored	model:	

p: Specified	quan::es	(PQ	and	PV	buses)
x: State	variables		(2N-1)	

(N+2b)	
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			Factored	Load	Flow	Solu:on	

Pij = (gsh,i + gij )Ui − gijKij − bijLij
Qij = −(bsh,i + bij )Ui + bijKij − gijLij

Linear	(underdetermined)	power	flow	model:	
	
Power	injec:ons	

	
with	
	
	
	
•  Voltage	magnitudes	

Pi
sp = Pij∑

Qi
sp = Qij∑

[Vi
2 ]sp =Ui

 Ey = p 
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			Factored	Load	Flow	Solu:on	

The	Jacobian	and	its	inverse	are	trivially	obtained	

Jacobian	elements:	

Inverted	Jacobian	elements:	

F-1 becomes	singular	iff	Ui=0	for	any	i  
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			Factored	Load	Flow	Solu:on	
Convergence	basins:	2-bus	example	
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v1=1.0 + j0 p.u. s2 = 0.9 + j0.6 p.u.

z=0.01 + j0.1 p.u.1 2

Θ (deg)

V
 (p

.u
.)

 

 

−150 −100 −50 0 50 100 150
0

2

4

6

8

10

8

9

6
7

5
4 3

NC

Θ (deg)

V
 (p

.u
.)

 

 

−150 −100 −50 0 50 100 150
0

2

4

6

8

10

6

3

1
4 5

NC
2

Newton-Raphson	 Factored	method	



			Factored	Load	Flow	Solu:on	

Convergence	rates	for	the	IEEE	300-bus	system	

NR	

Factored	
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Factored	Load	Flow	

Convergence	rates	for	the	IEEE	118-bus	system	
[PV	buses	converted	to	PQ	buses]	

NR	

Factored	
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			Factored	Load	Flow	Solu:on	
IEEE	14-bus	system:	evoluGon	of	voltages	for	increasing	loadings		

Voltage	magnitudes	(p.u.)	
Voltage	phase	angle	(deg.)	

Infeasible	region	

Infeasible	region	
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			Maximum	loading	point	determina:on	
Problem:	Finding	the	saddle-node	or	limit-induced	bifurcaGon	point	

© Gómez-Expósito	

Maximize	the	value	of	λ:	

•  Op:miza:on	problem	
•  Con:nua:on	methods	



			Maximum	loading	point	determina:on	
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Factored	load	flow-based	procedure:	
	
Phase	1:	Increase	regularly	λ	un:l	two	consecu:ve	solu:ons	
correspond	to	feasible	and	infeasible	points	
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			Maximum	loading	point	determina:on	
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Factored	load	flow-based	procedure:	
	
Phase	1:	Increase	regularly	λ	un:l	two	consecu:ve	solu:ons	
correspond	to	feasible	and	infeasible	points	
	
Phase	2:	Sequen:ally	perform	bisec:on	searches	un:l	Δλ	is	small		
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			Maximum	loading	point	determina:on	
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Comparison	of	simulaGon	results	



			Maximum	loading	point	determina:on	
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Enhanced	soluGon	procedure:	parabolic	approxima:ons	in	the	
infeasible	domain	



Conven:onal	solu:on	of	nonlinear	WLS-SE		

	Measurement	model:	
	

Maximum	likelihood	es:ma:on:							
	
	
	

	

Normal	equa:ons	(Gauss-Newton):	
	
	
	Covariance	(dense)	matrices:	

		
	
	
	
	

		

		
	
	
	

			Factored	WLS	State	Es:ma:on	

Min		J 

cov(ẑ) = H ⋅ cov(x̂) ⋅HT
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Factored	WLS	State	Es:ma:on	

Linear	WLS	SE	

Non-linear	explicit	
transforma:on	

Linear	WLS	SE	

Factoriza:on	of	nonlinear	WLS	problems	
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Factored	WLS	State	Es:ma:on	

Linear	WLS	SE	

Non-linear	explicit	
transforma:on	

Linear	WLS	SE	

Factoriza:on	of	nonlinear	WLS	problems	

z = By+ e

ijjiij

ijjiij

VVL
VVK

θ

θ

sin  

 cos 

=

=

2
ii VU =

Branch		

Bus	
(2b+N	variables)	

y = Ui,Kij,Lij{ }
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y ,  cov−1( y) =GB = B
TWB



Factored	WLS	State	Es:ma:on	

Linear	WLS	SE	

Non-linear	explicit	
transforma:on	

Linear	WLS	SE	

Factoriza:on	of	nonlinear	WLS	problems	

•  No	need	to	choose	ini:al	values	
•  “Warm	start”	for	repeated	runs	(constant	B	matrix)	

qijijijijiijishij
m

pijijijijiijishij
m

LgKbUbbQ

LbKgUggP

ε

ε

+−++−=

+−−+=

)(

)(

,

,

[Vi
2 ]m =Ui +εV

Linear	measurement	model:	

qIij
m
i

pIij
m
i

QQ

PP

ε

ε

+=

+=

∑
∑

z = By+ e y ,  cov−1( y) =GB = B
TWB

© Gómez-Expósito	



Factored	WLS	State	Es:ma:on	

Linear	WLS	SE	

Non-linear	explicit	
transformaGon	

Linear	WLS	SE	

Factoriza:on	of	nonlinear	WLS	problems	

( )
( )ijijij

ijijij

ii

KL
LK

U

/arctan

ln

ln
22

=

+=

=

θ

α

α trivial	
inverse	

z = By+ e

u = fu( y) u ,  cov−1( u) = Wu = Fu
−TGB

Fu
−1

y ,  cov−1( y) =GB = B
TWB
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Factored	WLS	State	Es:ma:on	

Linear	WLS	SE	

Non-linear	explicit	
transforma:on	

Linear	WLS	SE	

Factoriza:on	of	nonlinear	WLS	problems	

αi

θi

u =Cx + eu x̂  ,  cov−1(x̂) =GC =C
T WuC

z = By+ e

u = fu( y) u ,  cov−1( u) = Wu = Fu
−TGB

Fu
−1

y ,  cov−1( y) =GB = B
TWB
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Factored	WLS	State	Es:ma:on	

Linear	WLS	SE	

Non-linear	explicit	
transforma:on	

Linear	WLS	SE	

Factoriza:on	of	nonlinear	WLS	problems	

Is	it	a	non-itera:ve	procedure?		
Not	really	!!	
	
	
depends	on	the	opera:ng	point: 

Wu = Fu
−TGB

Fu
−1

x̂  ,  cov−1(x̂) =GC =C
T WuCu =Cx + eu

u
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Factored	WLS	State	Es:ma:on	

Linear	WLS	SE	

Non-linear	explicit	
transforma:on	

Linear	WLS	SE	

Factoriza:on	of	nonlinear	WLS	problems	

unew =Cx̂ Repeat	un:l	 x̂k+1 ≈ x̂k
Wnew

u

u =Cx + eu x̂  ,  cov−1(x̂) =GC =C
T WuC

z = By+ e

u = fu( y) u ,  cov−1( u) = Wu = Fu
−TGB

Fu
−1

y ,  cov−1( y) =GB = B
TWB
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Factored	WLS	State	Es:ma:on	

​u  = { ​α i, ​α ij, ​θ ij } 

u = Cx + eu 

Stage	1:	Linear	WLS	SE	

z = By + e 
​y  = { ​ U i, ​K ij, ​L ij } 

GB=BTWB 

Stage	2:	Non-linear	one-to-one	mapping	

u = fu (y)	
Wu  = cov-1(​u  ) =(​Fu  )-TGB	( ​Fu  )-1 

Stage	3:	Linear	WLS	SE	
​x  = { ​V i, ​θ i } 

GC=CTWuC 

trivial 
inverse	( )

( )ijijij

ijijij

ii

KL
LK

U

/arctan

ln

ln
22

=

+=

=

θ

α

α
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Factored	WLS	State	Es:ma:on	

Tests	

Quality	Indices	

1000	simula:ons	(to	obtain	pdf’s)	
2	redundancy	levels	

Benchmark	networks:	118-,	298-,	2948-	bus	

	
•  Accuracy	(with	a	single	run)	
•  Computa:on	:me	and	speed-ups	
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Factored	WLS	State	Es:ma:on	

Voltage	errors		

Phase	angle	errors		

Accuracy	(single	run)	

Factored	(single	run)	
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Factored	WLS	State	Es:ma:on	

ComputaGon	Gmes	

0	

0.1	

0.2	

0.3	

0.4	

0.5	

0.6	

118	 300	

t	(s)	

0	
1	
2	
3	
4	
5	
6	
7	

2948	

t	(s)	

Number	of	buses	

factored	(single	run)	
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Factored	WLS	State	Es:ma:on	

Advantages	

•  Enhanced	convergence	rate		
														First	(linear)	step	always	gives	an	esGmate	

•  Early	detec:on	of	bad	data	or	topology	error		
•  Less	computaGonal	effort	(constant	or	simpler	Jacobians)	

							Approx.	3	Gmes	speedup	(for	accurate	enough	measurements)	

•  More	advantageous	with	accurate	measurements	

•  More	advantageous	under	peak	loading	
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On-going	research	efforts	

Model	enhancement	&	other	promising	applicaGons	

•  Incorpora:on	of	regula:ng	devices	
•  Distribu:on	networks	(b=N-1)	
•  Op:mal	Power	Flows	

•  Nonlinear	control	
•  Eigensystem	analysis	

•  Nonlinear	algebraic-differen:al	equa:ons	
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