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1 | INTRODUCTION

Singular linear systems of differential & difference equations appear in control theory® 2|2 circuit theory?2,2/and in the
modeling (dynamics) of electrical power systems/1124/32]

In the last decade, many authors have studied problems of fractional differential/difference equations and have derived inter-
esting results on different types of problems for given initial or boundary conditions, see/?/2|1012[[13/[14]20130/134] Focys has also
been given on the mathematical modelling of many phenomena by using fractional operators. The theory of fractional differ-
ential equations (FDEs) is a promising tool for applications in neural networks®, in physics®,3L, biology'”, and control theory,
seet 33

Despite several studies, there are still parts missing for a complete and coherent theory of systems of FDEs in order to use
this type of systems as a tool in mathematical modeling in a similar way to the classical case. In addition, generalized FDEs and
cases such as singularities of certain systems of FDEs have been mostly avoided in the framework of fractional calculus. Hence,
explicit and easily testable methods are required in order to solve generalized systems of FDEs, so that applied researchers can
redesign their models using fractional operators where this is appropriate.

In this article we consider both primal and dual formulations of singular systems of FDEs. We use the Caputo fractional
derivative and two recently defined alternative versions of this derivative, the Caputo—Fabrizio, and the Atangana—Baleanu
fractional operator.

We consider the following system of fractional differential equations (FDEs):

E Dx(1) = Ax(t), (1)
and its dual version

A D!x(t) = EX(1). (2)
Where x : [0,+00] — C™1, E, A € C™" with E singular (det E=0). We use three different definitions for the fractional-a
order operator , D{:
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Definition 1.1. Let x : [0, +00) — R™! ¢ — x, denote a column of differentiable functions. Then:

e The Caputo (C) fractional derivative of order 0 < a < 1, is defined by, see218:

oDix(t) 1= Dix(1) = / [t — )X (v)] dr . 3)
e The Caputo—Fabrizio (C F) fractional derivative of order 0 < a < 1, is defined by, see>"
Dox(r) 1= CF pox(r) = —— / [e 7500 ’(T)] dr. 4)

e The Atangana—Baleanu in Caputo sense (ABC) fractional derivative of order 0 < a < 1, is defined by, see':

oDix(0) 1= PG Dfx(1) = < 8@ / [ T)a X/ (t)dx. (5)

218

Where E (w) = see=“°. B(a) is a normalized function with B(0) = B(1) = 1.

ZOO
k=0 T'(14ak)’

In terms of applications, the Caputo fractional derivative (C) is used widely in the literature but as stated in',*, the changes made
in the kernel of the Caputo fractional derivative, in order to provide these new alternative versions, can capture more efficiently
several phenomena. A comparison of this three fractional operators can be found when modelling the heat transfer at nanoscale,
i.e. nanometers & picoseconds, see®.

Some very recent results on applications of singular systems of FDEs include the construction of a model of fractional order
controllers for electrical power system applications, see3, while by using the properties of the fractional order derivative, in
terms of memory, a new model of singular FDE:s is constructed to represent more efficiently electricity markets, see?!. In both
these models duality analysis can be a fundamental tool for the small-signal stability analysis of the power systems as it can
provide insight and knowledge on the solutions, the invariants and the linear programming used, see’, 23!

In these applications the question that arises is which one of the three fractional operators, defined in ( , , and , is the
most appropriate to use. The answer to this question defers for each application. If we consider the first application mentioned
above, the fractional order depends on the reason of why the fractional controller is used. If for example the problem is a stability
issue then the operator which can be stabilise more quickly or efficiently and with less computational cost the system is the one
which is more efficient. In this case and by using the formulas provided in Theorem 3.1 in Section 3, even optimization methods
might be required to obtain the optimal solution. However, it is worth mentioning that to the best of our knowledge, see also=2
the (CF), (AB) have never been used in fractional control theory. In addition, the duality results obtained in this article will help
researchers who are using this type of controllers to determine eigenvalues with very large real parts. All this is a great prospect
for future research.

Using the Laplace transform £ into (), see?2}18

! we have:
L{E D!x(t)} = L{Ax(1)},

or, equivalently,
zEw(s) — wx(0) = Aw(s),

or, equivalently,
(zE — Aw(s) = wx(0).
Where L{x(#)} = w(s), and if | D{ is the fractional derivative by definition of

(i) (C)then z := z(s) = 5%, w = s*1;

(ii) (CF)then z := z(s) = w=—1

s+a(1 s)’ S+a(1—S);

(iii) (ABC)then z := z(s) = 2@ ' ;= B@ s

l-a s*+ L7 l-a s+ "
I—-a l-a
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The pencil of (1) will then be zE — A. For each different definition of the fractional operators, (C), (CF), (ABC), z is defined
differently. It can be observed that it is complicated to use the non-linear pencil zE — A to study system (I). Instead of using
this pencil we will use the pencil sE — A, i.e. the pencil of system Ex’(t) = Ax(t), to study (1) for the three different definitions
of fractional derivatives, and its respectively dual systems (2). In addition, we will prove that if the solution of this first order
system is known, then the solutions for both prime and dual systems of FDEs can be obtained without additional computational
cost. To sum up, the results in this article prove that despite having a fractional order system, we can use the spectrum of a pencil
of first order to have information for all these systems, both prime & dual, independently the definition of fractional derivative
used and without any additional computational cost.

2 | PRELIMINARIES AND USEFUL TOOLS

The pencil sE — A can have eigenvalues: 4, =0, 4, #0 withi =1,2,...,v—1, A, — oo, with algebraic multiplicities p, p;,
q respectively, and py + X, p; = p, p+q = m. Let B, € C"™ B, € C™™, ..., B, € C"*". Then, the block diagonal
matrix blockdiag <B"1 By, Bn,) will be denoted via the direct sum B, & B, & --- @ B, . There exist invertible matrices
P,Q € C™™ guch that

PEQ=1,®1,®H, PAQ=J,®J, I, ©6)
Where J n € CPo*po, J » € c H ¢ € C9*4 are Jordan matrices related to the zero eigenvalue, the non-zero finite eigen-
values, infinite eigenvalue respectively, see chapter 12 in® while P, Q contain the left, right eigenvectors of the eigenvalues

respectively. Let

PPO

P=\|P, | Q:[Qp() 0, Qq]’

Pq
where PP() € Crxm, P, e CP", P, € C™", and, on € C™M, Q, € C™”, Q, € C™1 are matrices with rows the left, and
columns the right respectively eigenvectors of the zero, non-zero, infinite eigenvalues.

The pencil A — E can then have eigenvalues: 4, = limam—mt =01 = % #0withi=1,2,...,v,and 1 = %0 - 0.

Then if ¥ is the number of the finite eigenvalues (zero & non-zero) of A — E:

e If 0, oo are eigenvalues of sE — A then V = v;
e If Ois an eigenvalue of sSE — A but oo isnotthen v = v — 1;
o If 0 is not an eigenvalue of SE — Abut o isthen V = v + 1.

There exist invertible matrices 13, Q € C™™ see chapter 12 in 16/ such that:
PAQ :=A,=I,0H, PEQ:=E,=J,®I, )
Let

P. ~ -~ o~
j;j] 0=[0,0,].

q
with p bethe sum of all algebraic multiplicities of the infinite eigenvalues, and § = p, algebraic multiplicity of the infinite

eigenvalue. Where 135 € Chxm, Pq € C™"_and Qﬁ e Cm<b, Qq € C™4, Where 1313, 134 are matrices with rows, and columns
of the left, and right eigenvectors of the finite eigenvalues, and the infinite eigenvalue respectively.

P =

Theorem 2.1. We consider the pencils sE — A, §A — E with E, A € C™", and E singular. Let P, Q, and 13, Q be the matrices
defined in (6), and (7)) respectively. Then:

P

Pﬁ=[1)p]’ Qﬁ=[Qqu]‘ ®)

q
Proof. We consider the system Ex’(t) = Ax(¢), and substitute the transformation x(¢) = Qz(#). By multiplying by P we obtain

PEQZ'(t) = PAQz(?).
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Let
zPo(t)
z() =| z,() |,
z,(1)
with z, () € Crxt, z (1) € CP, z,(t) € C*!. Then by using the form of Q in (6), we arrive at three subsystems:

z, () =J, 2, 1)
z,(1) = J,2,(t);

qu;(t) = z,(0).
The first two subsystems have solutions:
z, () =e'n'z, (0), z,(t)=e’r'z,(0).

If with 0;; we indicate the zero matrix of i rows, j columns respectively, and with g, the index of the nilpotent matrix H ; such
that H 3* =0, ,, then if we take the third subsystem and repeatedly multiply by H ,:

q.9°
Tz = 20

ngﬁ/(t) = H%z%(t)

quq = qu?”(t)

H*z®@) = HZ' (1)
q 4 q 4

HZ*—lz;q*_l)(t) — HZ*—zz(qq*_z)(t)

And the sum of it gives:
4,1 4,—1
i (i) 9 (4D (1) = i ()
( z; H!zl (t)) + HY209() = ( Z‘ Hiz (r)) +2,(0),

or, equivalently, by taking into account that H Z =0, , at the solution:

9.9’
z,(H)=0,,.
Consequently, we obtain:
e"”Otsz(O)
x() =0z =1[0Q, 0, Q,]| 'z, |,
0,
or, equivalently,
x(t) = Q, e'n'z, (0)+ Q,e’'z,(0),
or, equivalently,

x(t) = [on 0,] er0+plzpo+p(0)’
2p, V)
z,0)
the p, + p linear independent eigenvectors of the finite eigenvalues of SE — A. Let us now consider the system AX' = EX. We
then apply the transformation X(f) = QZ(¢), multiply by P, and arrive at:

PAQZ' (1) = PEQZ(2),

where e’ n' = ¢’ @e’s and z " +p(0) = [ ] is a constant vector. This means that [ on Qp ] is the matrix that contains

or, equivalently, by using @:
J,, ®J, )20 =1[1, ®1,® H,/]Z0),

whereby setting

zZ() =
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where Z, (1) € C*!, Z (1) € CP, Z,(r) € C?*, we obtain:

J,Z 1=1,%, 1);

Do~ py
~/ ~ .
J 20 = 12,1

~I _ ~
Iz ®n=H;zZz®O.
The matrix J % is nilpotent because there are only zeros in its diagonal. Furthermore, the matrices J » I 4 are both invertible
since they are either upper triangular matrices or diagonal with non-zero elements in its main diagonal. Since the first subsystem
is similar to qu;(t) = z,(t) we have:
an(t) = 0[10,1'
For the other two: 5 )
z,()=e’7'2,(0), and Z (1) =e'"Z,(0),
Where
- . -
J,=dJ,y), J,=H,

Consequently by using Q as defined in (8) we obtain:

0, 1
¥ =020 =0, Q, Q,]| ¢'Z,0 |.
ez, (0)

or, equivalently,
(1) = Q,7'2,(0) + Q72 (0),
or, equivalently,
=0, Q,]'"'z,,,0),
£,(0)

where e/r! = T @ e, Zp4g(0) = [ﬁq(())

] . Hence [ 0,0, ] has as columns the linear independent eigenvectors of the finite

eigenvalues of §A — E. Thus:

Q;= [Qp Qq]
Let us now consider the system
AT#T = ET5T
or, equivalently,
¥ A=XE
Where ¥ € C'*™, We apply the transformation
X)) =z@P

into the above system, and multiply by Q:
Z'(H)PAQ = 2(1) PEQ,

or, equivalently,
0, eJ,e1)1=20, &1, H ],

whereby setting
20 = [£, 0 £,0) Z,0],
with Zpo(t) € Cxpo, ip(t) e Clxp, Zq(t) € C™4, and using the above written notations we arrive at three subsystems:

~ _ = .
z, 0d, =2, (O1,;
~ - .
20T, = 2,01,

zZ. (I, =Z,(0H,.
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As already written, the matrix J,, has only zeros in its diagonal. Furthermore, the matrices J,, I, are regular because of the
non-zero elements in its main diagonal. The first subsystem is similar to the system H qz; =z q(t) and hence:

Z,,0=0,,.
The other subsystems have solutions:
2,0 = Z,(0e7, and Z,(1) = Z,(0)e’".
Where
J,=J)"', J,=H

q q°
By using P as defined in (6) we get:

. . PPO
%0 =20P =0, , 72,0 Z,0)]| P, |-
Pq
or, equivalently, ) )
x(t) = £,(0)e’' P, + £,(0)e’s' P,

or, equivalently,

P
xX(1) = Z I prq
£(1) = 2, (O ! [ PZ] ,

where e/rt = el ® et s Z)44(0) = [ZP(O) z,00) ] This means that [i” ] has rows the left linear independent eigenvectors

of the finite eigenvalues of §A — E. Hence: !
~ P
2=l
p Pq

The proof is complete.

Remark 2.1. In (7) the matrices 1313, 0 5 are defined from eigenvectors related to eigenvalues of the pencil sE — A. Hence, it
is worth mentioning that these matrices are not uniquely defined since only the span of the eigenvectors, i.e. eigenspace, is
unique; any basis of this is a basis of eigenvectors to the given eigenvalue and may form the rows of the matrix.

3 | PRIME AND DUAL SYSTEMS

In this section we provide our main results. We will refer to system of FDEs (1) as the prime system and we define the system
(2) as the dual system of . We will provide their solutions by using the three different definitions , , by only using
the spectrum of the pencil sE — A of a first order system of differential equations.We prove the following Theorem:

Theorem 3.1. Let Q 20 (0] » and Q g be matrices with columns the right eigenvectors of the zero eigenvalue, the non-zero finite
eigenvalues, and the infinite eigenvalue respectively of the pencil sE — A as defined in @ Then:

(a) The general solution of the prime system of FDEs (1) is given by
x(1) = [on Qp] [(I)O(t) @ <I)(t)] c. )
Where @ (), ®(¢) are given as follows:

(i) If we use the (C) fractional derivative:

&) s

3 1k X _ 1ak «
Po(t) = kz::f) [(ka + 1)Jpo’ ¢m = kz::g [(ka + 1)JP' (10)
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(>i1) If we use the (CF) fractional derivative:

—_ \'® k k n k—n__ 15" k
@y(1) = X2y Lo < n > (I -aya* T(k+1-n) Jpo’

_ [+ k k nk—n ko k
D) =300 Yo <n> (1-ayd" Tl 1=n) I,

(iii) If we use the (AB) fractional derivative:

ak+2—an k

_ 0 k k (1—a)"a*™"
Q1) = Z:k=0 z:n=0 ( n > Bk(a) T(ak+1—an) Jpo’

ak+2—an k

oo ok k\ (—ayq
D) = Zk=0 Zn=o < n > Bia)  T(ak+l—an) JP'

In addition, for given initial conditions x(0) = x,, the solution is unique if and only if:

X, € colspan [on Qp] .
The unique solution is then given by @]} and c is the unique solution of the linear system
[on Qp] € = Xg.
(b) The general solution of the dual system (2) is given by
=10, 0,] [¥® ®Y¥0)]c.
Where W, (1), () are given as follows:

(i) If we use the (C) fractional derivative:

o (s tak

1k _
0= tgar e Y0= L igarn

k=0 k=0

(i) If we use the (CF) fractional derivative:

— J'® k k nk—n_ 1" k
W) = 220 2o < n > (1 -a)y"d* r(k+1—n)Hq’

th=n

o k _ _
Y =3, Zﬁzo < n ) (1 -ayd* nF(k+l—n) ["pl]k‘

(iii) If we use the (AB) fractional derivative:

_yo gk (K daydor e gy
¥y = z:k=0 Z:n=0 < n > Bk(a) T(ak+1—an) Hq’

_ ) k k (l_a)nak—n tak+2—an “11k
\Il(t) - Zk:(} Zn:() < n > B"(a) r(ak+l—an)[Jp ] .

In addition, for given initial conditions ¥(0) = X,, the solution is unique if and only if:
X, € colspan [Qp Qq] .
The unique solution is then given by and c is the unique solution of the linear system
[Qp 0, ] ¢ =X

Y

12)

13)

(14)

15)

(16)

A7)

(18)

19)

(20)

Where J Py J » and H g are Jordan matrices of the zero eigenvalue, the non-zero finite eigenvalues, and the infinite eigenvalue

respectively of the pencil sE — A.
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Proof. As discussed in section 2, there exist invertible matrices P, Q € C™" for sE — A as defined in @) If we substitute
x(1) = Qz(7) into (1)) and multiply by P using {(6)we have:

EQ D z(1) = AQz(),

and
201 z, ()
[, el,@H] 2’0 |=[J, ®J,&1]| 2,0
zfl")(t) z,(1)
Where
zPo(t)
20 =| z,0 |.
z,(1)

with z, (1) € Crxt, z (1) € CP, z,(1) € C!'. Consequently:

@(f) =
2900 = T, 2,(0),
29 = T ,z,(0),

qu(q")(t) =2z,(0).
For the third subsystem we have:
z,(H)=0,,.
This can be proved as follows. If we denote ODf” with (ka), k € N* and q, is index of H p such that H Z* = OM, then if we obtain
the following matrix equations »
o A
q9 9 97q
Hz09() = H z3(1)
H‘q‘zf;‘a)(t) = H;sza)(t)

ol Z0e=0) _ go? Z0e20)
HZ* zflq*a)(t) — Hg*“zf,["*_”“)(z)
by taking their sum we arrive easily at the solution. For the second subsystem if we use the Laplace transform £L{z,()} = w(s):
L{,Diz, (0} = T ,L{z,0)),
or, equivalently,
zw(s) — wz,(0) = J w(s).
Where

: _ oa _ ca—1 a -_ Cpa.
() z=sw=s ,forODt =Dy

13 — S — 1 a ._ CF pa.
(11) z= s+a(l-s)’ w= s+a(l-s)’ for ODI . OD’ ’

B@) _s¢ B@) _s! a ._ ABC 1ya
i) z=—"=—— w=— for \D? := De,
(iif) z l-a sa+="° w l-a sa4=" or o U

By setting z,,, = ¢:
(zIp - Jp)w(s) = wec,
or, equivalently,
w(s)=w(zl,—J,) e,

or, equivalently, by taking into account that (zI, — J )™ = ¥ z7*"1J ]; ,

[so]
w(s) = Z wz_k_lJ];c.
k=0

We have the following cases:
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(a) For Dy := COD;’, by replacing in the above expression z = s9, w = s~! we have:

(e

w(s) = Z s~ ke,

k=0
By using we have
z,(1) = ®(1)c,.
Similarly for the first subsystem if we use the solution for the (C) fractional derivative is

2, (1) = ®y(1)cy.

a . CF a . _ N _ 1
(b) For ,D; oDy, by replacing z = o Y= T Ve have

[<3) —k—1
— 1 S k
w(s)_];)s+a(l—s) [s+a(1—s)] Jpcl'

Equally:

pC

< [(1—a)s +al*
)= Z gh+1 I

and consequently, since [(1 — a)s + a]* = ZIZ 0 ( > (1 —-a)"s"a*"

w(s) = ZZ( > a)”s"_k_lak_"Jl;cl.

k=0 n=0
Using we have
z,(1) = ®(1)c,.
Similarly for the first subsystem if we use the solution for the (CF) fractional derivative is

2, (1) = @y(1)c.

. B a B -
(c) For (D¢ :=*#C D4, by replacing z = @ _&*_ =39 " we have
1-a st l-a si4+— l_a

e _ a —k—1
w(s)=z B@ s lB(a) 5 ] J’;cl.

]_aa _e l—a(l _a
k=0 st A

Equally: .
w()—Z[( s tal pe,

Bk(g)sak+l TP

n=0

o k
k 1 —a)" k—n
w(s) = Z Z < . > d-afa Biza‘)z s‘"’“"‘_lJ’;c1

and consequently, since [(1 — a)s® + a]F = ¥* < k> (1 — a)'s™ gk
n

Using we have
zp(t) = ®d(t)c,.
Similarly for the first subsystem if we use the solution for the (AB) fractional derivative is

z, (1) = By (1)c,.

To conclude, by using the above solutions of the three subsystems we obtain the following general solution for the system of
FDEs (2):
D (t)c,
x()=0z(n=1[0Q, Q, Q,|| ®0c, |
0

q,1
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or, equivalently,
x(t) = onq)o(t)co + qu)(t)cp
which leads to (9). For given initial conditions x(0) = x,, if we use (9) for 7 = 0 we get (14). Hence ¢ in (9) can be uniquely
defined if and only if the algebraic system has a unique solution which happens if and only if condition holds. Then
because [ 9, 0, ] has linear independent columns, the linear algebraic system has always a unique solution in respect to c.
Next, we consider the dual system (2). Similarly to the prime system by applying X = QZ into (2) we arrive at three subsystems

of the following form:

Jpo OD;lzPo(t) =z,

J,,DZ,(0) = Z,(0),

oD{Z,(1) = H Z,(1).
or, equivalently,
H, D!z, (1) =Z,),
~ — _l ~
OD;’zp(t) = Jp zp(t),

oD{Z,(t) = H Z,(1).
Note that J, = H, , and J, is regular because of non-zero elements in its main diagonal. Similarly to the solutions of the
subsystems obtained in the case of the prime system:

ZPU o= OPU’
while the other two subsystems have the following general solutions:
£,() = WoDey  Z,0) = Y()e,,

with W, (1), ¥(¢) being defined in , , . Furthermore from Theorem 2.1, [ 0,0, ] has the eigenvectors of all finite
eigenvalues of §A — E. Hence similarly to the prime system, the general solution of the dual system (2) is given by . For
given initial conditions X(0) = X, if we use fort = 0 we get . Hence ¢ in can be uniquely defined if and only if the
algebraic system has a unique solution which happens if and only if condition holds. The matrix [Q b Q4 ] has linear
independent columns and hence the linear algebraic system has a unique solution in respect to c. The proof is completed.

4 | EXAMPLES AND COMPUTATIONAL RESULTS

In this Section we consider the prime system of FDEs (1), its dual system (2)) for a = 0.5 and present two examples. We apply
Theorem 3.1 and also include a computational analysis in the software Modelica.

Example 1
Let
11 11
e [sifanli]

Let x(0) = [(1)] , X = [?] be initial conditions. Then

s—1s-1
sE—A—[ 0 | ]

The eigenvalues of sE — A are A, = 1 with eigenspace
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and 4, an infinite eigenvalue of algebraic multiplicity ¢ = 1 with eigenspace:
) =( 1))
2/ = -1 .

J,=1, H,=0.

The Jordan matrices related to the eigenvalues are:

Furthermore Q p = [u 1] ,0 = [uz] . Since there is no zero eigenvalue, Q o does not exist. If we use the (C) fractional derivative
the solution is given by (9, (10):

L & {0-5k .
*0) = [o] g;) Fwos+D e

or, equivalently,
tO.Sk ¢

_Zoo
x(t) = k=0 F(0.5k+1())

In addition, it is easy to observe that x, € col spanQp, ie. does not h-old, and hence by using we have ¢ = 1. Thus:

[ ) IO.Sk
x(t) = Zk=0 F(0.5k+1())

Similarly if we use the (CF) fractional derivative given by , we have:

th=n

o0 k k k B
wo | Ze T (£ 09|
0
Finally, the general solution of the prime system (1) if we use the (AB) fractional derivative is given by , :

. k k 0.5)¢ (0.5k+2-0.5n
x(t) = Zk=0 Zn=0 n ) B¥(0.5) T(0.5k+1-0.5n) | .

0
The general solution of the dual system (2] is given by (I3), (T6): and if we set ¢ = [¢; ¢,| we have:
. d {05k ¢
1) = epyape——— .
*® Z:; T05k+ 1) Lz

It is easy to observe that holds, and hence the system has a unique solution. By using (20) we have
21 |11 )
-1 [0-1][e]’

Hence ¢, = ¢, = 1, and the unique solution of (2) is given by:

o > £0:5k 1
%0 =2, T05k+ 1) [—1] '

k=0
Similarly if we use the (CF) fractional derivative, the solution of the dual system is given by , :

~l_°° o [k 0.5% = 1
$0=2 2 ) = |1

k=0 n=0
Finally, the general solution of the dual system (2} if we use the (AB) fractional derivative is given by (I3), (I8):

o5 (k) 05 {0.5k+2-0.5n |
kz=:‘) Z:‘) < n ) B*(0.5)T'(0.5k + 1 — 0.5n) [—1] :

=

Q)

Example 2
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For our second example, let @ = 0.5 in (1), (2), and:

[100000]
010000
001000
000100
000011

000000]

Alsoletxy = [-46 -57-79], % =[too111]"
Ay =3, 4, =2, 43 = 1, of algebraic multiplicity p; = p, = p;

() =(

The Jordan matrices are:
300

020
001

J =

p

00
00
00
00
—42
11 -

1
0
0
0
2
1

=l S el =]
S = = O O O

0

1

0

0
e
-1

, be initial conditions. The pencil sE — A has the eigenvalues:
= 1, and eigenspaces

-1 -3
1 5
-2 /-3
(73] () =(]75|)>
—4 -3
4] | 5]
C 01 [ O] 1T
0 0 1
ol |-1 0
ol’| 1|’ 1)
-1 0 42
| 1] | 1] |-48]
(010
,H,=[001
000

Since there is no zero eigenvalue, Q,, -does not exist. The matrices Q,,, Q, are defined as Q, = [u1 u, u3], 0,= [u4 Us u6]
respectively. The general solution of the prime system (I) is given by (9), (10):

[—1 —1 3]
1 1 5
3k 00
-3 -2-3 105k
1) = — 1 02k0]e.
X0=1 5 5 sgg)r(o.SkH) 0 OIC
-9 —4 -3
| 9 4 5]
or, equivalently, if we set ¢ = [cl cy c3] s
[ =3k, — 2k, — 3¢5
3kc, +2%¢y + 5¢4
b £0.5k _3k+1c1 _ 2/<+1€2 -3¢,
=y ———— 3.
x(1) Z:') 0.5k + 1) | 3F1lc, + 2K e, + 5c¢,
—3k+201 _ 2k+2c2 _ 303
| 3K2¢; + 2K 2¢, + 5¢4 ]
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In addition, it is easy to observe that x, € colspanQ » and hence using (14) we have ¢; = 0, ¢, = ¢; = 1, and the unique solution
of the prime system is given by:

ok 3]
2k +5
(05K _ok+l _3
1) = _ .
0 ;Z:’) TO5k+1)| 2¢e +5
- _2k+2 -3
2k2 45
Similarly if we use the (CF) fractional derivative given by (I1)), we have:
ok 3
. 2k+5
s k fh=n _ok+l _ 13
H= 0.5 ———— :
x(t) ,;)Z;)(n) Tk+1-m| 2*c+5
R _2k+2 -3
2K+ 45
Finally, the general solution of the prime system (I) if we use the (AB) fractional derivative is given by (I13)), (14):
ok 3]
} 2k +5
e k 0.5% {0.5k+2-0.5n _ok+1 _ 3
x(f>=22< ) x k1 :
& &\ n ) BY05) T(O.5k+1—0.5m) | 21c +5
_2k+2 -3
2k 45

The general solution of the dual system (2) is given by (15}, (16):

(000 0 0 —I]

000 0 0 1
> sk [000 0-2 0

X = Z ppas—— 1

[O05k+1)|000 0 = 1

c
k=2 ., 2
000 - 0 42
11
(000 ¥ —48 |

It is easy to observe that X, & colspan [ (0] » [0 p ], ie. does not hold, and hence the system does not have a unique solution.
Similarly if we use the (CF) fractional derivative, the solution of the dual system is given by (I5), (I7):
[000 0 0 —1]
000 O 0 1
1
k k—n 000 O0-= O
LA 3 c.
n Ik+1-n|000 0 = 1
000-5 0 42

1 1
_OOO m 27_48

Finally, the general solution of the dual system (2) if we use the (AB) fractional derivative is given by , :
000 0 0 -1]
000 0 0 1

- K\ 0.5k {0-5k+2-0.5n 000 O —Zik 0
x—%@o(”) B05) T(05k+1-05m (000 0 = 1|©
000 —3% 0 42

1 1
(000 = 5 —48]

k=0 n=0
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Examples in Modelica

In this subsection, based on the proposed matrix polynomial of first order and an integer-order approximation method, we will
provide examples on the solutions of the system of FDEs (1) implemented in the open-source Modelica (OPENMODELICA),
see2%. We will use the fractional derivative (C). The integer—order approximation for the fractional derivative by Oustaloup’s
method in the Laplace domain, see2”} is given by:

Noos+ w),
s rof [] . @1
=N Sty
Where (w,, w,,) is the fitting range, a is the order of the fractional derivative, N is order of the approximation, and
[0)) k+N+0.5(1+a) ’ wh k+N+0.5(1-a)
Wy, = a)b(—) WA, W) = a)b(—) 2N+1
@y )

Figureshows the Bode plot with approximation order N = 4 and frequency range w, = 0.001 Hz, w, = 1000 Hz for a first
order system of differential equations (left) and a system of FDEs of order a = 0.5 (right). The integrators have a frequency
response with a slope of -20dB and -10 dB /Decade; -90 and -45 degree phase angle respectively. Observe that within the chosen
fitting range the slope of the amplitude shows an acceptable fit. In the following examples we use this approximation order and
fitting range.

100

20+
50

0+

magnitude [dB]
magnitude [dB]
°
1

20
50

100 L e e e e B LRSS B s L)) o e
) T T T T 1E-3 1E-2 1E-1 1E0 1E1 1E2 1E3 1E4

T T T T
1E-2 1E0 1E2 1E4
0
0
7 3
g 404 g 204
s <
5 &
-80] -404
T T T T T T T L e L e e e e e BLRALL L e )
1E-2 1E0 1E2 1E4 1E-3 1E-2 1E-1 1E0 1E1 1E2 1E3 1E4
Angular frequency [rad/s] Angular frequency [rad/s]

FIGURE 1 On the left Bode plot of integrator for a first order system of differential equations & on the right Bode plot of integrator for a system of FDE of order a = 0.5. We use a 4th order approximation and fitting range (0.001 Hz, 1000 Hz).

The following examples are simulated using two Modelica based simulation tools: Dymola, see'>, and OpenModelica, see2%!
We firstly consider the system Ex’(f) = Ax(f) with initial conditions x, = [-1 — 1] and

10 11
E:[OO],Az[l_l]. (22)

Since this system is linear and of first order, plotting the numerical solution in Modelica, with and without Ostaloup approxi-
mation should be identical. Note that x; = x,. The simulation results are shown in Fig. on the left. It can be observed that
indeed the results are identical. Next we assume the system of FDEs (1)) with E, A given in and simulate this example con-
sidering three different fractional orders a = 0.5, 0.6 and 0.8. Note as previously x; = x,. The simulation results are shown in

Fig.[2 Jon the right.
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—— Ostaloup
- - -General

€1

20 +

FIGURE 2 On the left trajectories of solutions for the first order system by using its general solution and the Ostaloup approximation. On the right trajectories of the system of FDEs using the Ostaloup approximation for a = 0.5,0.6 and 0.8.

—a=08

FIGURE 3 Trajectories of the second example using the Ostaloup approximation for three different fractional orders a = 0.5,0.6 and 0.8.

We consider now system @ with initial conditions x, =[-4 6 —5 7 —7 9] and

10000 0] 001 0 0 0]

010000 000 1 0 O

001000 000 0 1 O
E=loo0100"*=|0o00 0 0 1 23)

000011 42 2 -3 -2-1

00000 0] | 1 1 -1-1 0 O ]

For three different cases a = 0.5, 0.6 and 0.8 the simulation results are shown in Figs. While a comparison of the trajectories
of the second example are shown in Figs.
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80 200 T T - - 400
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. |
60 . 150 29 L 300 1|7,
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FIGURE 4 A comparison of the trajectories of the second example using the Ostaloup approximation for three different fractional orders a = 0.5,0.6 and 0.8.

CONCLUSIONS

In this article we used three different fractional operators, the (C), (CF), (ABC), and considered a class of systems of FDEs and
its dual systems. We proved that by only using the spectrum of a linear pencil, a matrix polynomial of first order, and not the
fractional pencil of the prime fractional system, we can study the solutions for the prime, and its dual system without additional
computational cost. Numerical examples and computational results on the software modelica concluded the article.
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